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The problem

This talk is about a nonautonomous dynamical system and its pullback
attractors correspondingto different forcingagents

The stresswill be put on the ability of such time-dependentobjects to reveal
fundamentalandoften unexpecteddynamicalfeatures

The model used here is low-dimensional and derives from a relevant
oceanographicalproblem. However,this should be seen as a prototype of an
excitable nonlinear dynamical system with time-dependent forcing that may
evidencebasicfeaturesof climatechangein the presenceof naturalvariability



The problem

The PBAis a mathematicaltool which provides the extension to a
nonautonomousdissipativedynamicalsystem(for whichthe external
forcing and/or some parameter depend on time) of the classical
conceptof attractor of the correspondingautonomoussystem

From 
Sévellec & 
Fedorov 

(2015, EPSL)

Thecorrect description of a changingclimate subjectedto both natural and anthropogenicforcing requires
the knowledge of the time-dependent probability distribution associated with the ŎƭƛƳŀǘŜΩǎ
pullback/snapshotattractor (PBA) (e.g., Romeiraset al. 1990; Ghilet al 2008; Chekrounet al., 2011; Bódaiet
al. 2011; Drótoset al. 2015, 2016; GhilandLucarini2020; Télet al. 2020, PieriniandGhil2021)

¢ƘŜ ŀƴŀƭȅǎƛǎ ƻŦ ǘƘŜ ǎȅǎǘŜƳΩǎ t.! reveals some fundamental and sometimes unexpected dynamical features

Theresultingdescriptioncanbe considerablydifferent from the classicalone basedon the 30-year temporal
averageof a singlelong time seriesof climatologicaldata,whether observedor simulatednumerically: this is
basicallydueto the nonergodicityof aperiodicallyforcedsystems(e.g., Drótoset al. 2016)

The PBAis estimatednumericallyby performing an ensembleof many forward time integrations differing
only by their respectiveinitializations. Theintegrationsgowell beyondtheǎȅǎǘŜƳΩǎpredictabilitytime
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The model

TheKuroshioExtensionintrinsic low-frequencyvariability waspreviouslystudiedby meansof a systemof
3 PDEs(Pierini2006, 2014a,Pierini,Dijkstra& Riccio,2009, etc.)

A low-order model (4 ODEs) was then developed(Pierini 2011) to obtain an agile mathematicaltool with
whichensemblesimulationscouldeasilybe carriedout

In this presentationthe PBAsof suchexcitablelow-order quasigeostrophicoceanmodelarediscussed



Pierini (2011, 
J. Phys. Oceanogr.)The model
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‪ὀȟὸ:
transition to 

large-amplitude 
relaxation oscillations (ROs)

transition to chaos 

Pierini (2011, 
J. Phys. Oceanogr.)The model

autonomous 
ǎȅǎǘŜƳΩǎ behavior 

(Ὃ ‎)

dimensional ὸ is used in the 
graphs to keep memory of the 

original physical problem

excitable ROs   self-sustained ROs

excitable 
system



The problem

The model

- Periodic forcing

- Aperiodic forcing

- Monotonically drifting forcing

Conclusions



Periodic forcing
Pierini (2014b, J. Phys. Oceanogr.)

cyclostationarity                        cycloergodicity       chaotic solution



Periodic forcing

*e.g., see Crucifix (2013)
for examples relevant 
to climate dynamics

Pierini (2014b, J. Phys. Oceanogr.)

TIID: total independence from the initial data



LOM
Pierini (2014b)

G

Periodic forcing
Pierini (2014b, J. Phys. Oceanogr.)

Tocharacterizedthis behaviour,Pierini,Ghil
andChekroun(2016) introduceda parameters:

Thisturnsout to be a valuabletool for anytype
of forcing(seelater)

s: mean 
normalized 

distance

completely different evolutions 
emerge from two basins of attraction, 

as evidence in the plane set G



Periodic forcing

Transition to chaos has 
been considered very 
extensively in this case

Transition to chaos 
due to periodic forcing 

is less studied



Periodic forcing
Pierini, Chekroun & Ghil (2018,

Nonlin. ProcessesGeophys.)

ὔ ρυȟπππ initial points

ɰ

ɰ

ρυȟπππ 
initial points

s s

this is the periodically forced chaotic case shown in a previous slideautonomous non-chaotic case

ρυȟπππ 
initial points

ɰ

s>1 is a necessary, but not 
sufficient condition for chaos



Periodic forcing
Pierini, Chekroun & Ghil (2018,

Nonlin. ProcessesGeophys.)

this is the periodically forced chaotic case shown in a previous slideautonomous non-chaotic case

ɰ

ɰ
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Periodic forcing
Pierini, Chekroun & Ghil (2018,

Nonlin. ProcessesGeophys.)

How to recognize chaos?
Pierini, Chekroun & Ghil (2018) proposed a cross-correlation 

diagnostics to investigate the transition to chaos  

„ ρ



Periodic forcing
Pierini, Chekroun & Ghil (2018,

Nonlin. ProcessesGeophys.)

This cross-correlation diagnostics is a 
useful tool alsofor autonomous and 

aperiodicallyforced systems

ɡ πȢψ

chaos
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Pierini (2012, Phys. Rev. E)
Aperiodic forcingὋὸ ‎ρ ‐
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excited 
relaxation oscillations

subcritical limit cycle
‎ πȢωτ

supercritical
relaxation oscillation

‎ ρȢπς

subcritical limit cycle 
subjected to an 

Ornstein-Uhlenbeck 
noise

autonomous system perturbed excitable* system,
no relaxation oscillations

*subcritical

perturbed excitable system,
excited relaxation oscillations

Coherence Resonance

(Pikovsky and Kurths, 1997)



Pierini, Ghil & Chekroun 
(2016, J. Climate)Aperiodic forcing

This idealized aperiodic forcing 
mimics the North Pacific 
multidecadal variability in view 
of a minimal representation of 
the Kuroshio Extension 
low-frequency variability

The coherence resonance 
mechanism cast in a 
deterministic framework 
is clearly playing a relevant role 
in shaping the PBAs



Pierini, Ghil & Chekroun 
(2016, J. Climate)

restricted regions over the 
PBA exist in which 

two nearby points diverge 
during their evolution and

two others do not

The corresponding subsets 
are intertwined over the PBA

Intersection with the 
ɰȟɰ plane at 

ὸ σσπώὶof ρυπππ
trajectories (gray dots) 
emanating from the 

whole set ɜ, and from
boxes 3 and 4 (cyan 

dots) and C (red dots)

Chimera-like behavior

Aperiodic forcing


