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The problem



The problem

This talk i1s about a nonautonomous dynamical system and its pullback
attractors correspondingo different forcingagents

The stresswill be put on the ablility of suchtime-dependentobjectsto reveal
fundamentaland often unexpecteddynamicalfeatures

The model used here is low-dimensional and derives from a relevant
oceanographicaproblem However,this should be seenas a prototype of an
excitable nonlinear dynamical system with time-dependent forcing that may
evidencebasicfeaturesof climatechangen the presenceof naturalvariability



The problem

The correct description of a changingclimate subjectedto both natural and anthropogenicforcing requires

the knowledge of the time-dependent probability distribution associated with the Of A YI 4 S Q
pullback/snapshotattractor (PBA (e.g., Romeiraset al. 1990 Ghilet al 2008 Chekrounret al., 2011; Bodaiet

al. 20171, Drotoset al. 2015 2016 Ghiland Lucarini202Q Telet al. 2020, Pieriniand Ghil2021)
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The PBAIs a mathematicaltool which providesthe extensionto a P o y R

. e ,From
nonautonomousdissipativedynamicalsystem(for whichthe external — 4 SFevg"ec&
. ] . p——W edorov
forcing and/or some parameter depend on time) of the classical yalé (2015, EPSL)
conceptof attractor of the correspondingautonomoussystem o o

X
DIAGNOSTIC

Theresultingdescriptioncanbe considerablydifferent from the classicalbne basedon the 30-yeartemporal
averageof a singlelong time seriesof climatologicaldata, whether observedor simulatednumerically this is
basicallydue to the nonergodicityof aperiodicallyforced systemge.g., Drotoset al. 2016

The PBAIs estimated numericallyby performing an ensembleof many forward time integrations differing
only by their respectiveinitializations. Theintegrationsgo well beyondthe & & & (i g8eYi€abilitytime

¢CKS Iyl feaara zefealsHiBe fundamenBldmSometimes unexpected dynamical features
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The model

TheKuroshioExtensionintrinsic low-frequencyvariability was previouslystudied by meansof a systemof
3 PDEgPierini2006 2014a, Pierini,Dijkstra& Riccio,2009 etc.)

time-independent surface wind stress

model results
(Qiu and Chen, 2005) (Pierini, 2006)

altimeter data

A low-order model (4 ODE3% was then developed(Pierini2011) to obtain an agile mathematicaltool with
whichensemblesimulationscould easilybe carriedout

In this presentationthe PBAf suchexcitablelow-order quasigeostrophimceanmodel are discussed



The model

The model is based on the evolution equation of potential
vorticity in the QG reduced-gravity approximation,

d(_ - P\ - —_ _ _ _, - curl,T
ﬁ(vz ——)+J(w,V2w)+ﬁwx=—rV2¢+ oH

L%

that can be adimensionalized as follows:

d
(V3 — F) + Y] (. T3p) + th, = —RVZp — T,

The truncated spectral model is obtained by expanding the
stremfunction  as:

PO = D WOl
i=1

|1) = e sinx siny |3) = e”**sin2x siny

|2) = e sinx sin2y |4) = e”sin2x sin2y

This choice follows that of Jiang et al. (1995), who
adopted |i). i=1.2 in their 2D model. In the Hilbert space
endowed with the inner product

_i " HZax
(Flo) =5 | | e g dxay

the basis is orthonormal: (i|j) = &;;.

The system reduces to a set of four coupled nonlinear ODEs:

Y, +p¥, +q¥;+ N, =W,
Y, +u¥, +v¥, + N, = W,
Y, + m¥; 4+ oW, + N; =W,
Y, +s¥, +t¥, + N, = W,

The nonlinear terms N, are given by

4
N; = Z ij]ijkl'pk

J.k=1

so that the system can be written in compact form as follows:

C;—l:'+ YIP+L¥=W| | W=G(t)w

The rank-3 tensor J 1s given by:

- C1Zyji — h123;‘k _ dlz2jk - h124jk

Uk hiyae, 'Y h2+byd,
_haZyje + a2z - _haZajic + biZaji
37k h+a,c, % h2+b,d,
where )
Zijie = (i] Qi)

and where Q is the symmetric tensor:

Q) = %[U)x(lk)xxy + Alk)yyy) + 1) ([Dexy + Aliyyy)

_Ij)y(lk)xxx + A|k>yyx) - |k)y(|j>xxx 7 Alj)yyx)]

Pierini (2011,
J.Phys Oceanog)



Pierini (2011,

The m0d6| J.Phys Oceanogy)
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- Periodic forcing



Pierini (2014bJ.Phys Oceanogy)

G(t) = y[1 + esin(wt)] Periodic forcing

cyclostationarity cycloergodicity chaoticsolution

v=1.1,
Tp=30yr,
€=0.2

Note that the

. ; ] autonomous

(b) | - it =207 systen?w|th
y=1.1is

iy
nonchaotic

FIG. 3. (a) Projection of some of the aperiodic trajectories of Fig. 2 onto the 1 — W3 plane. (b) Intersection of 2475 trajectories of the PBA
of Fig. 2 with the W, — W3 plane at the times indicated in the panels [the axes correspond to those of panels (¢).(d)]: the patterns separated
by a 30-yr cycle are identical (periodic PBA). (¢) One cycle of the PBA of Fig. 2 obtained with 1800 trajectories. (d) Superposition of 1800
successive 30-yr intervals of a single trajectory (with the parameters of Fig. 2), whose initial times are all shifted back to r = 0.
(f) Intersection of the PBA of Fig. 2 with the W — W3 plane at r =20 yr for the four sets of ICs shown in panel (e).



Periodic forcing

G(t)=y[l +esin(wt)]

Pierini (2014bJ.Phys Oceanogy)

Note the emergence of 09 J !
generalised synchronization *,__6 _E > Y=1-1, e=0.2 (b) :-Q_g
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(1/n) < C <1, where n is the number of clusters defined by the distance 7.

For C = 1 one has only one cluster and, therefore, TIID.

TlID:total independence from the initial data
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Periodic forcing

emerge from two basins of attraction,
as evidence in the plane sét

Tocharacterizedhis behaviour,Pierini,Ghil
and Chekroun2016) introduceda parameters:

T
1
o(X,Y)= —f(?n(z‘)dt
T S:mean
0 normalized
distance

on (1) =4(t)/0(0)
(X, Y) = (¥1(0),¥3(0)) eI

Thisturns out to be avaluabletool for anytype
of forcing(seelater)
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completely different evolutions— |
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Pierini (2014bJ.Phys Oceanogy)




Periodic forcing

Onset of chaos due to periodic forcing

Ghil (2019,Earth Space Sci.):

Classical dynamical systems theory deals with closed systems, which are governed by models in which there
is no explicit time dependence whatsoever. These models are called autonomous, and the time independence
property plays a key role in the theory. For instance, given a system of two ordinary differential equations
(ODEs) in the plane, uniqueness of solutions essentially prevents self-intersection of the orbits, which can
only tend to fixed points or limit cycles. It takes either periodic forcing, as is the case for the Duffing or Van
der Pol oscillator, or three autonomous ODEs in Euclidean 3- D space as for the Lorenz (1963a) model, to
get deterministically irregular, chaotlc behavior. '

Transition to chaos has Transition to chaos
been considered very due to periodic forcing
extensively in this case is less studied



: . . . Pierini Chekroun & Ghil (2018
G(t) = y[1 + esin(wt)] PerIOdIC forCIng Nonlin Processe&eophys
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Pierini Chekroun & Ghil (2018

G(t) = y[1 + esin(wt)] Periodic fOfCing Nonlin Processe§eophys

autonomousnon-chaoticcase v=1.1, Ip=30 VI, | thisisthe periodicallyforced chaoticcaseshownin apreviousslide
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W Note that here 6>1 for all the initial points Note that the PBAs of a periodically forced dissipative system are always periodic, but
contained in the small hypercube the system can be either chaotic or nonchaotic depending on its parameter values



Periodic forcing

How to recognize chaos?

Pierinj Chekroun & Ghil (2018
Nonlin Processe&eophy9y

Pierini, Chekroun & Ghil (2018) proposed a ciamselation

diagnostics to investigate the transition to chaos
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Pierinj Chekroun & Ghil (2018
Nonlin Processe&eophy9y
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This crossorrelation diagnostics is a
useful toolalsofor autonomous and
aperiodicallyforced systems
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Ap eriodic forcing

Pierini (2012Phys Rev.
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Coherencdresonance
(Pikovskyand Kurths 1997)



Pierini, Ghil &hekroun

Aperiodic forcing (2016 J.Climatg

G(t) =y[1+ef(0)]

This idealized aperiodic forcirg ™|
mimics theNorth Pacific
multidecadal variabilityin view
of aminimal representation of
the Kuroshio Extension
low-frequencyvariability

Thecoherenceresonance
mechanismcast in a
deterministicframework
isclearlyplaying arelevantrole
in shaping thé®PBAs
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FIG. 2. Ensemble behavior of forced solutions of the double-gyre ocean model. (a) Time dependence of the total forcing 1 + f (), for

€ =0.2. (b),(c) Evolution of 644 initial states emanating from the subset I" in the (W, ¥3) plane for (b) y=10.96 and (c) y=1.1. (d),(e)
Corresponding time series of Py,. The set I is given by {—70 = ¥, = 150} X {150 = ¥; = 120}.



restricted regionover the
PBAexist in which

two nearby points diverge
during their evolutiorand

two others do not

The corresponding subsets
are intertwined over the PBA

Ap eriodic forcing

Intersection with the
(y fwy ) plane at
O coaiofpurmm
trajectories (gray dots)
emanating from the
whole sets, and from
boxes 3 and 4 (cyan
dots) and C (red dots)

Chimeralike behavior

Pierini, Ghil &hekroun
(2016 J.Climatg



